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Abstract—The use of frequency agility has a proven track
record in radar systems. Altering the radar carrier frequency
over shorter intervals improves the detection capabilities for
slowly fluctuating targets and increases jamming resistance.
This article exploits the frequency diversity concept further and
proposes a transmission structure for emission of pulses overlap-
ping in time. This is combined with the relative more modern
framework of compressed sensing and sparse reconstruction for
coherent regeneration of signals. Through detailed simulations
the performance of such a setup is evaluated. It is shown that
the overall system performance can be improved and definitive
estimates for target velocities can be obtained even with a sizable
reduction in integration time.

Keywords: Frequency agility, waveform diversity, com-
pressed sensing, sparse reconstruction

I. INTRODUCTION

Frequency agility and waveform diversity has long been
used in many radar systems as it is a straightforward and
simple concept which can significantly improve target detec-
tion performance for fading targets. It is an important tool
for combating radar jamming and avoiding interference from
other sources. In a classical frequency agility system, the radar
would interchangeably transmit a pulse, or a number of pulses,
on one specific frequency before altering the frequency and
transmitting pulses on another carrier frequency. Alternatively,
the radar may mainly focus on modifying the waveforms only.
Frequent changes in waveforms and frequencies, however,
make coherent processing a much more challenging task for
the radar as to generate high resolution range-Doppler images
numerous identical frequency pulses needs to be transmitted
in a single coherent processing interval (CPI) [1]. To save
on integration time, standard radar processing with frequency
agility may therefore consist of simple incoherent integration
of all received data which is feasible with a limited CPI and
multiple waveforms; albeit available Doppler information is
then not taken full advantage of [2].

The last decade has seen establishment of new data acquisi-
tion techniques in which data is collected in a sparse manner
and computational methods are used to reconstruct and recover
full performance signals [3], [4]. The use of such schemes
have also been studied significantly in radar settings [5], [6],
[71, [8]. This article takes the basic framework of frequency
and waveform diversity one step further by linking it with
reduced data sensing in frequency and range and a sparse
reconstruction method. Interleaving of waveforms is a familiar

radar concept, however, in this background we introduce a
pulse transmission strategy where different pulses are emit
in an overlapping manner with a greater pulse repetition
frequency (PRF). The superimposed pulses are readily sepa-
rated via matched-filtering due to frequency agility. Repeating
the process in specific successive manners provides a design
where different ranges are alternating covered by different
pulses. In a traditional context such a design is generally not
desirable as the data is collected across different frequencies
and can not be processed coherently. Nevertheless, this can be
shown to provide an advantage for the utilization of sparse
reconstruction techniques to fill in empty positions and to
recover sparse range-Doppler maps preserving full benefits
of coherent integration even with an overall shorter CPI. A
thorough study on compressed sensing and frequency agility
with regard to target reconstruction performance has not been
proposed earlier in the literature.

Previous works, particularly [9], [10], considered the use
of sparse data collection from different steering directions for
an electronically scanning array based radar and demonstrated
how sparse reconstruction can be used to recover simple range-
Doppler maps. This was made possible under the assumption
that the angular sensing regions are independent and there
is thus no need for any assimilation of the results. The
final products are therefore multiple unrelated range-Doppler
maps. This condition no longer remains valid if the radar
utilizes frequency or waveform agility techniques while aiming
towards the same direction. The end result then needs to be
tied together in a satisfactory manner for e.g. target detection
purposes.

In summary, the contributions of this paper are

o A transmission structure with frequency agility and over-
lapping pulses is proposed tailored specifically for sparse
reconstruction to reduce the total dwell time

« Evaluation of coherent processing and Doppler extraction
for frequency agility based radar with sparse sensing in
range and frequency

o An extension of preceding works with emphasis on
frequency diversity and joint optimization techniques

In the remainder of the text, the expression frequency agility
and/or waveform diversity is used interchangeably to imply
that the radar is either altering frequencies and/or waveforms
on a regular basis.
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II. RADAR SIGNAL MODEL

We characterize a radar with frequency agility capabilities
where within a specific CPI, the antenna remains pointed
towards a fixed direction and a total of N number of pulses
are sent and echoes received up to a range R. The pulses
are assumed split over () different carrier frequencies and
waveforms, pi(t),...,po(t). The targets are assumed to be
slowly fading following Swerling one or three distributions
and thus the radar cross sections and reflectively levels remains
constant within the dwell for one given frequency but are
otherwise independent across the @) pulses. The reception of
the incoming pulses s(t,u) may therefore be specified more
precisely as

s(t,u) = Zan}lpl(t — An)ej”“’“’l + w(t) (1)

where ¢ is fast-time, u is slow-time and [, 1 < [ < @,
indicates the waveform with a set carrier frequency. o, ; are
the reflectivity levels of incoming echoes while A,, is the
delay associated with each reflector n and j = /—1. w(t) is
white Gaussian noise and e’V is the frequency dependent
Doppler shift which for a constant velocity object is described
by
Gn 47 fl
; 2
c PRF

where 6, is the radial velocity of target n, f; being the carrier
frequency, PRF is the pulse repetition frequency and c is the
speed of propagation [2]. The phase shifts in the observed
s(t, w) will only show a consistent linear pattern if I, the carrier
frequency, is retained, at least across some parts of the dwell.

The radar is expected to sample the incoming data and
perform a matched filtering operation with the most recent
emit pulse

Un,u,l = Unu—1,1 +

Y(t,u) = pp(=t) * s(t, u) 3)

where * prescribes convolution in fast-time. With a discrete
fast-time parameter, corresponding to range bin, the collected
data can be specified by the matrix

Y(r,u) =Y (r At,u) € CV*B r=1,2,...,R, &)

given At as the time-resolution of the radar.

A. Traditional processing

A simple traditional processing of the available data may
consist of incoherent integration of all pulses,

1 N
y(r) =5 21w 5)
u=1

Alternatively, a range-Doppler map may be generated by
executing a Fourier transform over each range bin column

D(r,w)=F (wo Y(r,u)|,) €CN*E, (6)

where F is the discrete Fourier matrix of size N x N, Fy; =
exp(—j27kl/N) and w € CV*! is a tapering function multi-
plied element-wise, indicated by o, on columns of Y. Range-
Doppler processing is particularly useful for clutter filtering

and estimating target velocities and on-following detection
may be carried out via thresholding tests or CFAR variants.
Nevertheless, with changing frequencies full coherency can
not be established with (6) resulting in low integration gain
and targets may show considerable spread in Doppler.

From the above the trade-off between diversity and resolu-
tion also becomes evident for a traditional radar framework.
To obtain high Doppler resolution all the pulses need to be
sent with the same frequency but this comes at the expense
of loss of diversity gain. At the other extreme, by transmitting
different waveforms on a pulse-to-pulse basis the diversity
level is maximized at the expense of coherency. For a given
CPI, a desirable goal should be to obtain a set diversity level
with high Doppler resolution and the smallest possible time-
frame. We next propose a scheme with overlapping frequency
diverse pulses and sparse reconstruction in an attempt to
achieve that.

In order to simplify the presentation, the rest of the paper is
concerned with frequency diversity limited to two independent
frequencies though the concept may readily be expanded and
a thorough study will be presented elsewhere.

B. Sparse overlapping pulse emissions with two waveforms

We consider a radar system with () = 2 available waveforms
which operates in several interchanging modes within a dwell:
o Mode Al: transmission of p; (¢) with a fixed PRF to cover
the range interval [0, R]. A total of P; pulses are sent and
received.

o Mode A2: transmission of ps(t) with a fixed PRF to cover
the range interval [0, R]. A total of P, pulses are sent and
received.

e Mode B: Pp number of pulses are emit with twice
the PRF as of mode Al or A2 and the waveforms are
successively alternated between p;(t) and pa(t). The
most recent transmitted pulse therefore only covers the
range [0, Ry] (near region) while returns still arriving
from the past pulse encompass [R1, R] (far region).

We define T' to reflect the time between sending a pulse
and receiving back echoes enclosing the full range up to R,
and the mid-range is Ry = R/2. A conventional radar system
normally operates by alternating modes Al and A2 only. With
the new mode B operating with a higher PRF the pulses will
overlap in time but covering different ranges. The receiver
therefore performs a matched-filtering with both waveforms
on the incoming signals

Yi(t,u) = pi(—t) * s(t,u), Ya(t,u) = p5(—t) * s(t,u). (7)

As long as emit pulses are on different frequencies, or other-
wise have good cross-correlation properties, the interference
will be minimal and the radar can place the sampled matched-
filtered data at appropriate positions at the near or far regions
in Yi(r,u) or Yao(r,u). Yi(r,u) and Yo(r,u) as (4) but
pointing to data collected with the respective waveforms,
p1(t) or pa(t). A possible transmission pattern for mode B
is provided in table I where the transmission and reception of
each pulse occurs within the shorter time interval of 7'/2. The

Dette er en postprint-versjon / This is a postprint version.
DOl til publisert versjon / DOI to published version: 10.1109/RADAR.2018.8378531



range region covered by each pulse is also indicated at the
top.

[ # [ Current, [0, R1] [ Previous, [R1, R] [ Duration |
1] (D) = ™
2 pz(t) p1 (t) T2
3 | pi(t) p2(t) T/2
4 | pa2(t) p1(t) T2
5 | pi(t) p2(t) T2
6 | p2(t) p1(t) T2
7| = p2(t) 7

TABLE I: Example of mode B sequence

A total of 6 pulses are sent in the example with a higher PRF
though the effective PRF for each waveform is still identical to
the one of mode A1 or A2. The pulses therefore correspond to
the same time-frame as of 3 mode A pulses but the observation
time is reduced in half and the arrangement forces a sparse
sampling of ranges with alternating frequencies. In practice
there will be blind regions around the first range bin and
around R; when a new pulse is emit though the impact of
that is ignored for the time being. More sophisticated trans-
mission patterns may be designed incorporating for example
conjugated or negated pulses and randomized pulse selection.
We further assume that the last emit pulse is also captured from
the far region extending the total duration by T'/2. Altogether,
this example gives raise to a total of 4 range-Doppler map
reconstructing problems: two independent range-Doppler maps
for the near region with p;(¢) and py(t) and similarly two
independent range-Doppler maps for the far region with the
two different pulses. Any targets in these two range-Doppler
maps exhibiting independent fading.

One consequence of the pattern of table I is that for a
particular waveform the structure is comparable to having
a PRF which is just half of the original PRF. Due to the
very regular transmission setup the mutual coherence can be
high [11] and this can further lead to ambiguities in Doppler.
For firm unambiguous outcomes mode B should ideally be
combined with mode A1/A2, either interleaved within the
transmission structure or as separate entities before or after
mode B. An example of such sequence is given in table II
which a total span of 7.57. By replenishing empty gaps this
should ideally result in the same performance as of 11 full
range pulses implying a time saving of over 30%. The example
combined block starts with mode A2 and ends with Al.

[ # [ Current, [0, Ry] | Previous, [R1, R] | Duration |
1 p2(t) — T
2 | p2(t) - T
3 | pi(t) — T2
4 p2(t) p1(t) T2
5 | pi(t) p2(t) 172
6 | pa(t) p1(t) T72
7 p1(t) p2(t) T2
8 | p2(t) p1(t) T/2
9 | = pa(t) 7
10 | pi(t) - T
11 | pi(¥) - T

TABLE II: Example of mode A and B combined sequence

The total duration for a block with mode A1, A2 and mode

B can be determined as
Tiot =T(Py+ P) +T(Pg +1)/2. 3

The major purpose of the scheme is therefore be to make
certain that even with a shorter time-duration and sparse data
collection comparable results can be achieved to if all pulses
were sent with a lower PRF and full range coverage.

C. Coupled sparse regeneration

Taking note of the fact the described transmitting and
receiving setup is a radar sampling sparsely across different
frequency bands and regions one can attempt to reconstruct
full-resolution range-Doppler maps for each of the given
frequencies. For the technique of this subsection we expand
the basic algorithms presented in [9], [10] and refer to them
for more detailed characterization. The original methods of the
earlier works are designed to fill in empty gaps in collected
data and possibly also perform an extrapolation in Doppler
domain to obtain higher resolution sparse range-Doppler maps.
As the main objective with diverse waveforms is to improve
detection capabilities, which is often performed by merging all
profiles into a single one, a coupled optimization technique can
accordingly be adapted to maximize the joint sparsity for each
range bin over all frequencies.

To streamline, we define the following:

o The matrix Y;(r,u) only incorporates values reciprocal
to pulse/frequency [ after matched-filtering with p; (—t)

e yi| refers to a column of Y;(r, u) corresponding to range
r

e L points to the number of desired output entries in the
reconstructed Doppler domain with L > N, an L > N
signifying Doppler domain extrapolation

o The binary selection matrix for frequency ! and cor-
respondingly range r, M;, € BY*L, is generated by
taking an L x L identity matrix I and removing the
respective rows for which no data is collected

. Gl,,« = Ml,r]?‘* € CNv*L i the partial inverse Fourier
matrix of L x L Fourier matrix F

e Wi, = M;,Ww € CM>*! is the truncated window
function generated from w which is an L point window
function

e || || indicates L1 norm

e ¢ is acceptable error in reconstruction

In the case of two alternating waveforms there will be a set
of four reconstructing matrices, occurring from the possible
combinations of near or far region and pulse p; (t) or pa(t).
Expanding cited papers, the reconstruction problem for the
Doppler profiles of a given range r can thus be formulated as

{1?1(7”7‘*:1)“] = arg min || [dl] IF ©)
W dy
s.t.

G1 p 0 dl W1 0 S’l'r
) - el I 4 <e. 10
|| |: 0 G’2,r:| |:d2:| |:W2 o y2|7‘ H2 s € ( )
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Iterating this process over all ranges leads to two differ-
ent sparsely regenerated range-Doppler maps, f)l(r, w) and
]52(7", w) over the two frequencies. The main advantage of
a range based optimization is that it does not restrict the
overall number of targets in the range-Doppler profile as the
sparsity condition only applies to individual range bins where
the likelihood of multiple targets present at the exact same
range is much smaller. The solutions may be transformed from
Doppler domain back to slow-time and combined with real
data to regenerate a hybrid range-Doppler plot, H, (r,) where
only the original empty gap contain reconstructed data while
otherwise the real data is retained as is [10]. Finally, under the
assumption that the Doppler bins correspond to approximately
the same velocities, a combined squared range-Doppler map
may be employed for e.g. target detection:

L
V2

The next section investigates in detail the performance level
of the proposed radar architecture.

H2(r,w) = — ([H, (1, 0)? + |Ha(r,@)[?) € CEXE. (11)

III. SIMULATIONS AND ANALYSIS

In order to compare and analyze the performance of the
proposed techniques we model a radar system operating at
3.3GHz with a PRF of 2kHz. The frequency of the second
waveform is placed 1% apart and for the first simulation cases
we assume a single target with a velocity of 25m/s positioned
at a range bin corresponding to 1.8km from the radar. The
PRF is kept constant while the target reflectively values are
assumed to be constant for the duration of the dwell over the
same frequency while they are independent across frequencies
and randomly picked from Swerling 1 distributions. The mean
radar cross section (RCS) of the target is varied to account for
various signal-to-noise ratios (SNR). Noise is independently
Gaussian distributed with the mean level at -16 dBm. The
Blackman window has otherwise been employed throughout.
Although uncomplicated, this radar model contains all the
essential elements to accurately provide the main results on
the aspects of frequency agility with respect to sparse range
sampling and reconstruction. The simulations are performed
over the transmission structure of table II and we point out that
the number of pulses available for integration and reconstruc-
tion is thus small to provide for a challenging environment.
For the first reconstructions L = 11 + 8 = 19 is set which
corresponds to total extrapolation of 2 = 8 samples split
equally at the beginning and end of the original sequence.
E is used to convey the total number of extrapolations in the
reconstruction.

A. Illustrative example

This subsection provides an illustrative example on how the
proposed scheme can work in practice for a single realization.
Two random RCS values are selected for the target giving
rise to single pulse SNR of —0.27 dB and 6.19 dB, respec-
tively, over the two frequencies. A standard range-Doppler
plot (6) consisting of data as collected through Y (r,u) =

Original data

Range (km)
O o N 0 0 A 0 B

o

n

Velocity m/s

Fig. 1: Standard R-D map

Incoherent reconstruction

Range (km)

Fig. 2: Incoherent integration

212:1 Y (r,u). is shown in figure 1 while figure 2 presents
the result of incoherent integration (5). The value of ¢ is set
as a scaled version of the assumed a priori noise level and the
end result from the proposed sparse reconstruction process
(11) is shown in figure 3. This image therefore contains real
simulated data where available while reconstructed samples
are incorporated only at empty gaps and for extrapolation. The
scaling of all the plots is respect to the maximum obtained
value assimilating all integration and coherency gains.

Proposed reconstruction
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40 30 20 10 o 10 20 30 40
Velocity m/s

Fig. 3: Hybrid reconstruction, £ = 8

From the outcomes it is easy to observe that although
standard range-Doppler processing does bring forth the target
under these SNR levels the obtained integration gain is limited
and the spread in Doppler is also very significant with ambigu-
ous velocity. The standard technique has basically not been
able to deal with this type of sparse emission and reception
structure. Incoherent integration provides a slightly better gain
which is still only 4 dB above the noise floor. The sparse
reconstructing process leading to the final hybrid image offers
a very noticeable 6 dB additional gain and the target appears
very clearly localized at a particular Doppler velocity. Since
this is a hybrid image presence of spikes arising from the
inaccuracies present in the original data set can be recognized.
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Fig. 4: Standard R-D, mean SNR = 0 dB

Incoherent reconstruction (average)
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Fig. 5: Incoherent integration, mean SNR = 0 dB

Proposed reconstruction (averaged)
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Fig. 6: Hybrid reconstruction, mean SNR = 0 dB, £ =8

B. Signal to noise ratio and extrapolation

The single example above demonstrates some important
aspects, but for more detailed understanding a statistical
framework is required. We next look at the average outcomes
coming from a large number of Monte Carlo simulations. A
total of 1000 independent simulations, following the previous
description, are performed with the target values selected
randomly over the two frequencies for each run from a
Swerling 1 distribution with a given single pulse SNR. The
averaged plots for a mean SNR of 0O dB can be seen in
figures 4 to 6. Even though the target is visible in the standard
range-Doppler plot it is on par with noisy spikes and difficult
to distinguish as a target. Incoherent detection, averaged,
performs better while the proposed sparse reconstruction with
E = 8 extrapolations can easily make the target stand out in
a coherent manner. There is a gain improvement of 3 dB in
contrast with incoherent processing.

The mean gain levels achieved as a function of single pulse
SNR are given in figure 7. For very low SNR levels the inco-
herent method is marginally better, otherwise the sparse recon-
struction method provides a definitive improvement alongside
the advantage of being able to estimate Doppler velocity.

Target gain as a function of SNR

Incoherent integration
10 Standard R-D
P

-6 -4 2 o 2 a
Single pulse SNR

Fig. 7: Mean target gain

Target gain as a function of extrapolation

No extrapolation

-+ Extrapolated samples: 16
—e— Extrapolated samples: 32

Average target gain (dBm)

-6 -4 -2 a 6 8 10

o 2
Single pulse SNR

Fig. 8: Mean target gain with extrapolations

In the sparse reconstruction process € and the number
of samples selected for extrapolation provides the necessary
flexibility required to find a solution which is sparse and yet
agrees with the acquired data. Increasing extrapolation samples
while keeping € constant can thus offer additional degrees of
freedom and contribute with further gains assuming a target
stands out from noise and can be extrapolated correctly in
velocity. To scrutinize this, simulations were carried out with
varying number of extrapolations samples, from £ = 0 (no
extrapolation) to &£ = 32 with extrapolation of 16 samples
on each side. The results of this can be seen in figure 8. It
is evident that extrapolation aids sparse reconstruction in a
very marked manner and can augment the coherence gain as
more and more extrapolation samples are added. This can be
seen at the very low SNR values where the performance is not
much better than incoherent integration, but picks up rapidly
as the signal level improves. Not having any extrapolation
samples forces the solution to be comparable to the observed
data, subject to &, with generally low performance outcome.
The other main advantage of extrapolation is that the target
becomes more confined in Doppler; an example of this is given
in figure 9 where compared to figure 6 the peak is now much

Proposed reconstruction (averaged)
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1.84

o =< N G &
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40 30 20 10 o 10 20 30 a0
Velocity m/s

Fig. 9: Hybrid reconstruction, mean SNR = 0 dB, E = 32
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Fig. 10: Doppler profiles at target range, £ = 8

more localized in velocity.

C. Mode A duration

It was mentioned in the previous section that the utilization
of mode B alone is not sufficient to always provide unambigu-
ous target Doppler estimates. This subsection inspects how the
duration of modes Al and A2 combined with mode B impacts
the ability to resolve target velocity unambiguously. For this
purpose the Doppler profiles at target range with random
Swerling 1 fluctuations were averaged over 1000 independent
simulations and can be seen in figure 10 under £ = 8
extrapolations. The cases considered include P, = P, = 0
all the way up to P, = 2, P, = 3 while the number of mode
B pulses Pp = 7 is kept fixed. Having varying number of
pulses influences the Doppler bin resolution and the retrieved
target gain. The simulations are therefore carried out with an
average SNR of 4 dB to downplay noise relevance.

It can directly be observed from figure 10 that with mode B
alone (top plot) the true velocity and the ambiguous velocity,
on average, end up with the same amount of gain. In other
words, the sparse reconstruction method is just as likely to
position the target on an erroneous velocity as the correct
one. With a high PRF and a regular sparse sampling structure
this is to be expected, although the target is still likely to be
detectable. Incorporating mode Al and A2 pulses to the block
benefits the arrangement as more full range pulses are made
available. With two or more Al and A2 pulses the target is
generally always determined with the correct positive velocity.
In figure 11 the same experiment is repeated but with an
extrapolation of 16 samples on each side, where the same
results are realized. The upsurge of the average peak gain is
noticeable as the number of pulses gradually increases and
with supplementary extrapolation samples the Doppler spread
is correspondingly compact.

IV. CONCLUSION

Frequency diversity plays a key role in modern radar sys-
tems helping mitigate target fluctuations. Transmitting multiple
waveforms with a long dwell period takes up valuable time
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Fig. 11: Doppler profiles at target range, E = 32

while incoherent techniques are not capable of providing
target velocity estimates or sophisticated filtering via range-
Doppler maps. This article examined linking together several
of these techniques incorporating frequency agility methods
with coupled sparse reconstruction strategies. By transmitting
a set of overlapping waveforms with doubled pulse repeti-
tion rate and performing matched-filtering with respect to
several frequencies under a compressed sensing framework it
was shown that full high-resolution range-Doppler maps may
be generated with decisive Doppler estimates. This has the
advantage of offering comparable performance using fewer
pulses and a shorter time duration which was verified with
considerable details through numerous simulations.
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